Anomaly-free perturbations of loop quantum cosmology reveal a deformed space-time structure, in which the signature changes when the energy density is ρ = ρ c /2. Furthermore, in loop quantum cosmology, one can obtain an effective causal structure only for a low density region (ρ ≤ ρ c /2), which gives a natural initial condition to consider the horizon problem. Choosing the initial value at ρ(0) = ρ c /2 in this paper, we investigate the horizon problem and the probability of inflation in the framework of loop quantum cosmology. Two models are considered: the quadratic inflation and the natural inflation. We use the Liouville measure to calculate the probability of inflation which solves the horizon problem, and find that, for the quadratic inflation model, the probability is very close to unity, while for the natural inflation model, the probability is about 35%.
I. INTRODUCTION
Inflation, as a necessary supplement to the standard cosmological model, can solve many long-standing problems such as the horizon problem, the flatness problem, etc. Inflation models can also provide a natural explanation of the structure formation. However, whether the inflation itself is probable is also an important question which many authors have considered in Refs. [1] [2] [3] [4] [5] [6] [7] [8] . For considering this question, two problems should be addressed: one is to find a starting point to count e-foldings, the other one is to define a measure to calculate the probability of inflation solutions which give enough e-foldings. The former one is a problem because in classical cosmology, due to the existence of the initial singularity, there is no clear starting point to begin one's counting of the efoldings. Since general relativity (GR) is not credible at high densities and curvatures, one may take the starting point at Planck scale which is reasonable but not clear. For the second problem, the Liouville measure, established by Gibbons, Hawking, and Stewart [1] , can be used as a candidate measure to calculate the probability. However, in flat, homogeneous, isotropic models, the total Liouville measure of the space of solutions is infinite; thus, one needs a regularization scheme. As a result, the obtained measure depends on the choice of energy density when the regularization is introduced [9] . In [6] , such choice was taken at the end of inflation when |Ω k | ∼ 1, while in [2, 8] , the authors choose the constant density surface at Planck scale. Their results are quite different: the former gives a quite low probability if inflation can produce enough e-foldings, while the latter gives almost one probability for inflation.
In loop quantum cosmology (LQC), big bang singularity is resolved [10, 11] . One can start counting the number of e-folding and define a probability distribution at the bounce [12, 13] or the remote past before the bounce [14] , where both methods support inflation in the quadratic inflation model. However, because in a bouncing world, any particles have in- * Electronic address: chen˙long@mail.bnu.edu.cn † Corresponding author; Electronic address: zhujy@bnu.edu.cn finite time to have chances to interact with others, one may puzzle whether the horizon problem, which inflation theories try to address, exists. To make this question clear, we need a space-time structure of loop cosmology which has been derived from anomaly-free perturbations of loop quantum cosmology recently [15] [16] [17] . Unlike in the standard cosmological model, where the space-time structure is inserted in the space-time metric, the effective space-time structure of loop cosmology is concealed in the homogeneous model because we obtain the theory by quantizing the symmetry reduced system, and we still miss the full theory of quantum gravity even in some effective level. However, because the constraint algebra needs to be anomaly-free for a first-class constraint system, and by using the theory of anomaly-free perturbations, one fortunately finds the hidden causal structure. As a result, the modified space-time structure has an unexpected property which may address the above puzzling: signature changes at a critical density, ρ = ρ c /2. Furthermore, with the help of perturbation equations of gravity and matter, we can define the effective causal structure by the characteristic, from which we know no causal structure exists at high density (ρ > ρ c /2).
For the above reasons, different from Refs. [12] [13] [14] , our view is to choose the initial value at ρ = ρ c /2. With the effective causal structure in loop quantum cosmology, we will consider the horizon problem and the probability of inflation in the framework of loop quantum cosmology. This paper is organized as follows: in Sec.II, we present some results of loop quantum cosmology and its anomaly-free perturbations, and then introduce the effective causal structure of loop cosmology which our construction is based on. In Sec.III, we use the effective causal structure to consider the horizon problem. In Sec.IV, the measure is derived from the Liouville measure of a canonical system. In Sec.V and Sec.VI, we consider the quadratic inflation model and natural inflation, respectively. In Sec.VII some conclusions are given.
II. RESULTS OF LOOP QUANTUM COSMOLOGY AND ITS PERTURBATIONS
In this section, we first present some basic results for a homogeneous model, and then consider its perturbations. In the spatially flat isotropic model of LQC, one has to first introduce an elementary cell V and restrict all integrations to this cell. One can fix a fiducial flat metric o q ab and denote the volume of the elementary cell V by V 0 in this geometry. The gravitational phase space variables are the connections A i a and the density-weighted triads E a i , which can be expressed as
where 0 ω i a , 0 e a i are a set of orthogonal co-triads and triads compatible with o q ab and adapted to the edges of the elementary cell V. The basic Poisson bracket is given by {c, p} = κγ/3, where κ = 8πG, G is the Newton's constant and γ is the Barbero-Immirzi parameter. The matter phase space variables are φ and p φ , whose Poisson bracket is {φ, p φ } = 1.
LQC generates two main classes of effective corrections to the constraints, called the inverse-volume corrections and the holonomy corrections. In this paper, we focus on the holonomy corrections. In theμ-scheme of holonomy corrections [10] , we have the effective constraint:
where V(φ) is the potential of the scalar field,μ = ∆/p, and ∆ relates to the minimum nonzero eigenvalue of the area operator from the full theory (LQG). For convenience, we use the following variables: b :=μc and the volume of the elementary cell V = p 3/2 whose Poisson bracket is {b, V} = 4πGγ √ ∆. In these variables, the constraint becomes:
Using the constraint and the equation of V and φ, one can get a modified Friedmann equation as the following form
where H is the Hubble factor, ρ the energy density of the matter content, expressed as ρ = 1 2φ
The equation of motion of φ takes the standard form:
Since b decreases with time:
db dt = −4πGγ √ ∆φ 2 < 0, one can view b as an internal time which will be important in defining the measure in Sec.IV.
The perturbations of background is needed even for a homogenous model because the causal structure of the effective space-time is not apparent in the homogenous part while its perturbation equations contain the key elements. Anomalyfree perturbations with holonomy corrections have been derived in the series of papers, Refs. [15] [16] [17] . We only present their conclusions, and then get the causal structure which will be useful in our consideration.
Loop quantum cosmology is the symmetry reduced version of loop quantum gravity, and it utilizes key elements of full theory. But when one inserts linear perturbations, anomalies appear and the modified constraints do not form a closed algebra. For eliminating these anomalous terms, one needs to add some "counterterms". As a result, the constraint algebra is deformed, which can be seen from the Poisson bracket of two scalar constraints
where Ω = cos(2b) = 1 − 2ρ/ρ c . In general relativity, as we know, the factor Ω ≡ 1; thus, LQC deforms the constraint algebra. A surprising thing is at high density (when ρ > ρ c /2 ), Ω < 0, which means space-time is more like Euclidean space where the factor Ω in the Poisson bracket between two scalar constraints is −1 [15] . The deformed space-time structure also affects the perturbations equations ( in conformal time η )
where v S (T ) are the scalar or tensor Mukhanov-Sasaki variables. When Ω < 0, the equations become elliptic would make the perturbations instable if one considers these problems as initial-value problems, which will destroy the background dynamics. The argument for the instability of the initial-value problem can be seen in Ref. [18] , and a strict proof of the instability of a special elliptic equation can be seen in Ref. [19] . For understanding this problem, the authors of Ref. [18] proposed a mixed-type characteristic problem recently while Mielczarek [20] [21] [22] supposed a possible second order phase transition happening at ρ = ρ c /2. Note that the authors in Ref. [23] have considered the tensor power spectrum of cosmological perturbations with initial conditions imposed around ρ = ρ c /2, where they find the cubic shape of the initial power spectrum at ρ = ρ c /2 is favored. In this paper, we only consider the background dynamics, but for the consistence with perturbations, we think taking the expanding phase at ρ = ρ c /2 as the initial time is appropriate even for background dynamics. Furthermore, that the perturbation equations having characteristics gives an effective causal structure only when ρ < ρ c /2, which has be used in Refs. [18, 21] : in conformal time η, the propagating velocity v ≡ dx dη of any information should be less than √ Ω which agrees with classical theory when ρ ≪ ρ c . For later convenience, we will use the proper time; thus, the propagating velocity satisfies
Using this formula, one can define the particle horizon
where time 0 denotes the initial time with ρ = ρ c /2 and the angular-diameter distance
where t 0 means today.
III. THE HORIZON PROBLEM IN LOOP QUANTUM COSMOLOGY
One can see that if we use the horizon of LQC defined in the last section, the horizon problem of cosmology in the standard model becomes more severe. As we know, in the standard model of cosmology, the relation of density with the scale factor is
where the subscript "0" denotes the current value, ρ 0 := 8πG 3H 2 0 , and from observation [24] ,
In loop quantum cosmology, because the equation of matter is the same with classical theory [see Eq. (5)], we still suppose the relation in Eq. (11) . By using the modified Fridemann equation in Eq. (4), we can find that the ratio between the particle horizon and the angular-diameter distance in LQC is smaller than general relativity
which means the horizon problem is more severe than GR. Inflation theory tries to address the horizon problem by inserting a scalar field to drive an almost exponential expansion before transforming into a hot universe dominated by radiation. The horizon problem is solved when d H (t 1 ) > d A (t 1 ), where t 1 denotes the time of the end of inflation. If we suppose the reheating process did not produce many e-foldings, then the angular-diameter distance d A at t 1 can be approximated by [25] as
where we have used approximations Ω ≃ 1 in the first sim equality because ρ(t) < ρ 1 ≪ ρ c when t > t 1 , and in the second and third sim equality,
≃ 69, where we have used the Planck units (G = = c = 1). It may be noted that the number 69 is indeed related to 68 e-foldings in the literature (e.g., [25] ), which is needed for an exponential inflation to solve the horizon problem at Planck energy density (i.e., choose ρ 1 = ρ P ), but which is unnecessary because at the end of inflation, the density ρ 1 ≪ ρ P . Here we get the number because of choosing the Planck units; however, interestingly, if the e-foldings is defined to contain not only inflation period but also the period before inflation, then the results of the numerical calculations in Secs.VI and VII will show that 68 efoldings is precisely the least number for solving the horizon problem.
IV. THE MEASURE OF SPACE OF SOLUTIONS FROM LIOUVILLE MEASURE
Before considering some concrete models, we need to define a natural measure to measure the probability of inflation. The Liouville measure, first used in [1] , is a candidate scheme. In the canonical framework as in Sec.II, we have the symplectic two-form ω =
For this constraint system, physical points are on the constraint surfaceΓ : C eff = 0. By restricting ω ontoΓ, one gets ω|Γ =
with time, one can view b as an internal time; thus, for every
used as a natural measure for the space of solutions of the constraint system, for its invariance with time, b. However, some subtle problems appear: on the one hand, the total volume of space of solutions would be infinity under this measure. This is because the range of variable V is infinite [It is worth mentioning that the range of φ may also be infinite for some special potential V(φ), but we will not consider this case in this paper]. On the other hand, the volume of element cell V or the scale factor a is a gauge quantity. One can cure these by a trick used in [12] : by introducing a cutoff [ 1 V * , V * ] of V, and integrating out this variable, one can get a new measure of the solutions' space
which is independent of the cutoff V * . But as the authors of Ref. [7] said, such a measure depends on the choice of time b when integrating out volume. We can also see this thing by comparing the probability of two small regions, for instance 
where we have used the property that |φ|δφ∆V is invariant with time in the third equality. Thus, if one who gets the measure at time b finds equal probability of region 1 and region 2, another person who gets the measure at timeb will find region 1 is more impossible than region 2 if N 1 > N 2 . So when to integrate out volume is crucial, especially for a system having both inflation solutions and noninflation solutions. Our view, in this paper, is to take the time integrating out volumes at the starting time of the Universe, and LQC has such a starting time, when the density ρ is ρ c /2, or sin 2 b = 1/2. So we will use
An interesting thing is that the measure of classical theory is also the above formula, if one takes the initial condition at ρ = ρ c /2 in classical theory. In the next two sections we will consider two inflation models; one is the quadratic inflation, the most simple model although it has been disfavored for recent observation, and the other is the natural inflation.
V. QUADRATIC INFLATION MODEL
As a simplest example studied in many references, we first consider a massive scalar field φ with mass m, i.e. a scalar field with quadratic potential
We choose the mass of the scalar field m = 1.06 × 10 −6 m P , which gives the wanted amplitude of curvature perturbations A S = 10 −10 e 3.062 and the spectral index n S = 0.97, but the unwanted tensor-to-scalar ratio, r = 0.13. Following from [14] , define:
so the density becomes ρ = ρ c (x 2 + y 2 ). For the numerical calculation, define the conformal causal distance D H (t) := t 0 √ Ω a dt, then the equations of x, y, scale factor a, and D H are (in Planck units)
The initial values are
(20) Figure 1 shows the phase space trajectories for quadratic inflation, for better viewing, we've chosen m = 1.06 × 10 −1 m P instead of m = 1.06 × 10 −6 m P . From the picture, we can find every initial point on ρ = ρ c /2 quickly enters in slow roll solution region. In order to determine which solutions do not have the horizon problem, i.e., satisfy ln( √ H 1 d H (t 1 )) > 69, one can use numerical methods, whose results have been shown in Table  I . In the following, we give the slow roll approximation which is shown to be an excellent approximation.
If a solution has entered into the slow roll region where the trajectories satisfy |y| ≪ |x| and 0 = −mx − 3Hy, then the modified Friedmann equation becomes
. Then the slow roll solution is . The e-foldings during inflation can be approximated by
where t ⋆ denotes the starting time of inflation. We need to associate the starting point (x 0 , y 0 ) with the inflation starting point x ⋆ . For doing this, consider , and (20) . In the fourth column, N only contains the inflation period and is approximated by slow roll approximations. By these approximations, one can find N(θ = π/2) = 32, N(1.5707945) = 68, N(1.57080) = −0.4, and N(1.5708052) = 68. So when θ ∈ [1.5707945, 1.5708052], the e-foldings is smaller than 68. The approximating results are also presented in Table 1 , from which we can see the approximation is excellent. The measure in Eq.(16) be-
0 dx 0 ∝ sin 2 (θ)dθ, and from the result in Table I , we get the probability of enough inflation is 1 − Pro(θ ∈ [1.5707946, 1.57080507]) ≃ 99.9989%. This result is not quite different from previous works in Ref. [12] in the framework in LQC and even similar to the classical theory [2] . It is expected and one can be see this from two aspects: on the one hand, we have said the measure of the classical model is same with LQC, if one uses the initial time at the same density; one the other hand, we showed near Eq. (12) that for matters with the density formula in Eq. (11), if an initial value can solve the horizon problem in LQC, then it must solve the problem in GR too. We can guess that this conclusion is also almost true for other matters, then because for φ 2 model LQC gives near 100% probability, GR would also give the result. This guess is reasonable because the probability calculation only depends on those solutions which give just enough of the wanted e-foldings, and are dominated by kinetic energy at the beginning time (i.e., P ≃ ρ), and then becomes classical, which means the difference is not large. We want to say that the reason to give the initial value at ρ = ρ c /2 is from LQC's perturbation, although the results are not quite different.
VI. NATURAL INFLATION MODEL
For the natural or cosine inflation model [26, 27] , the inflaton φ is a pseudo-Nambu-Goldstone boson θ = φ/ f with a global shift symmetry broken at scale f , and the potential has the form of
where Λ denotes the energy scale where the global symmetry is broken. The probability of natural inflation in classical theory has been investigated via a different measure in [8] ; in this section, we will use LQC to study this model. To fit with recent observation [24], we choose the parameters Λ = 1.24 × 10 −3 m P and f = 7M P = 1.39m P , where M P = 1/ √ 8πG is the reduced Planck mass, which gives the amplitude of curvature perturbations A S = 10 −10 e 3.061 , the spectral index n S = 0.96, and the tensor-to-scalar ratio r = 0.07. Note that for the small value of Λ ≪ m P , every solution's density must be much lower than Planck energy when it enters in an inflation region where the potential energy dominates energy density; thus, quantum geometry's corrections will not be important for this model when solutions enter into slow roll region. Define dimensionless variables:
Then the density is ρ = ρ c
where we have defined ξ :=
The equations of motion are (in Planck units)
Initial values are
(27) Figure 2 shows some phase space trajectories for natural inflation, from which we know that there exist four inflation attractors in each quadrant, which can also be obtained by slow roll approximation as follows. The slow roll parameter is ǫ V = 1 16πG
, so the ending x satisfies | tan(
f cos(x), which contains four slow roll inflation solutions that agreed with Fig.2 . The e-foldings during inflation can be approximated by
From this formula, one can find when x ⋆ = π 2 + kπ, k ∈ Z, N → ∞. And if one wants N > 68 (for simplicity, we use 68 efoldings), he needs to require x ⋆ ∈ (x, π−x)∪(π+x, 2π−x)∪..., For the symmetry of the space of solutions, we only need to consider the cases of y(0) > 0.
Firstly, let us compare the variation rate of kinetic energy with potential energy:
(a) In the right hand side of the equation, if we require
12 ξ 2 + y 2 , which means |y| > 5 × 10 −7 will satisfy the requirement. Furthermore, if x → π 2 , any y will satisfy this requirement;
. So in this region, kinetic energy decays quickly, and then the system enters into slow roll region.
Secondly, to find out x ⋆ 's dependence on x 0 , let us consider the following equation;
(a) If the slow roll part is in y > 0, one can use:x 1 := x 0 + y 0 2×10 −6 F(x 0 , y)dy; then we have
(b) If the slow roll part is in y < 0, one can use x 1 := x 0 + y 0 2×10 −6 F(x 0 , y)dy, then we have
Some special points are the following: 
VII. CONCLUSIONS
Inflation can solve many cosmological problems; moreover, it can also give a natural explanation of the structure formation. More and more precise observations such as the power spectra of perturbations have also been observed which could constrain inflation models strictly. On the other hand, the genericness for an inflation model is also an important indirect constraint for inflation models.
Anomaly-free perturbations of LQC reveal some new aspects of loop quantum cosmology. The constraint algebra of LQC is deformed, and LQC also has a starting time similar to the big bang theory of cosmology; however, there does not exist any singularity in LQC. The starting point of time also helps to choose a natural measure. In this paper, we used the effective causal structure of LQC, and considered the horizon problem in LQC and its resolution by inflation. The probabilities of two inflation models are calculated. We find that for the quadratic inflation the probability of a sufficient inflation is close to 1, while for the natural inflation the probability is about 35% smaller than the quadratic model. Of course the probability for the natural inflation is not large, but it is still much more probable than the classical cosmological finetuning initial value. It should be noted that the conclusions in this paper almost agree with previous works [12] [13] [14] , even agree with the classical theory [2, 4, 8] . But we view this work as a self-contained work in the framework of loop quantum cosmology, such as the horizon problem and how many e-foldings needed to solve the horizon problem in loop quantum cosmology. Although, only two models are considered in this paper, we could conclude safely that, for different models there could be quite different probabilities for enough inflation.
It should be noted that we did not consider the anisotropies, which are interesting and important problems that have been considered in Refs. [28] [29] [30] [31] . In Refs. [28, 29, 31] , the authors proposed initial conditions at bounce while the authors of Ref. [30] considered at remote past before bounce. They showed that the shear term will decrease the possibility of inflation for the latter, while the former faces a problem that there exists infinite regions of solutions never reach the classical behavior which is severer. From the view in the present work, taking initial conditions near (after) the bounce may be a natural one, because the perturbation of the FriedmannRobertson-Walker model should be some limit of the perturbation of Bianchi-I model. But whether these initial conditions (or some more precise conditions) can exclude those regions where the solutions never reach the classical behavior is beyond this work and deserves future research. If this problem could be solved, then from the work in Refs. [28, 31] , isotropic universes or inflation seem to be favored. We hope the anomaly-free perturbations of the Bianchi-I model could be derived in the future and may help to answer this question.
